ABSTRACT. This paper constructs model structures on the categories of coalgebras and pointed irreducible coalgebras over an operad whose components are projective, finitely generated in each dimension, and satisfy a condition that allows one to take tensor products with a unit interval. The underlying chain-complex is assumed to be unbounded and the results for bounded coalgebras over an operad are derived from the unbounded case.
INTRODUCTION
Although the literature contains several papers on homotopy theories for algebras over operads -see [14] , [17] , and [18] -it is more sparse when one pursues similar results for coalgebras. In [20] , Quillen developed a model structure on the category of 2-connected cocommutative coalgebras over the rational numbers. V. Hinich extended this in [13] to coalgebras whose underlying chain-complexes were unbounded (i.e., extended into negative dimensions). Expanding on Hinich's methods, K. Lefèvre derived a model structure on the category of coassociative coalgebras -see [15] . In general, these authors use indirect methods, relating of coalgebra categories to other categories with known model structures. Our paper finds model structures for coalgebras over any operad fulfilling a basic requirement (condition 3.5). Since operads uniformly encode many diverse coalgebra structures (coassociative-, Lie-, Gerstenhaber-coalgebras, etc.), our results have wide applicability.
Several unique problems arise that require special techniques. For instance, constructing injective resolutions of coalgebras naturally leads into infinitely many negative dimensions. The resulting model structure -and even that on the underlying chain-complexes -fails to be cofibrantly generated (see [5] ).
We develop the general theory for unbounded coalgebras, and derive the bounded results by applying a truncation functor.
In § 2, we define operads and coalgebras over operads. We also give a basic condition (see 3.5) on the operad under consideration that we assume to hold throughout the paper. This condition is similar to that of admissibility of Berger and Moerdijk in [2] . Cofibrant operads always satisfy this condition and every operad is weakly equivalent to one that satisfies this condition.
In § 3, we briefly recall the notion of model structure on a category and define model structures on two categories of coalgebras over operads. When the operad is projective and finitely-generated in all dimensions, we verify that nearly free coalgebras satisfy Quillen's axioms of a model structure (see [19] or [11] ).
A key step involves proving the existence of cofibrant and fibrant replacements for objects. In our model structure, all coalgebras are cofibrant (solving this half of the problem) and the hard part of is to find fibrant replacements.
We develop resolutions of coalgebras by cofree coalgebras that solves the problemsee lemma 3.16 and corollary 3.17. This construction naturally leads into infinitely many negative dimensions and was the motivation for assuming underlying chain-complexes are unbounded.
Fibrant coalgebras are characterized as retracts of layered coalgebras (see definition 3.18 and corollary 3.19) -an analogue to total spaces of Postnikov towers.
In the cocommutative case over the rational numbers, the model structure that we get is not equivalent to that of Hinich in [13] . He gives an example (9.1.2) of a coalgebra that is acyclic but not contractible. In our theory it would be contractible, since it is over the rational numbers and bounded.
In § 4, we discuss the (minor) changes to the methods in § 3 to handle coalgebras that are bounded from below. This involves replacing the cofree coalgebras by their truncated versions.
In § 5, we consider two examples over the rational numbers. In the rational, 2-connected, cocommutative, coassociative case, we recover the model structure Quillen defined in [20] -see example 5.2.
In appendix A, we study nearly free Z-modules. These are modules whose countable submodules are all Z-free. They take the place of free modules in our work, since the cofree coalgebra on a free modules is not free (but is nearly free).
In appendix B, we develop essential category-theoretic constructions, including equalizers ( § B.2), products and fibered products ( § B.3), and colimits and limits ( § B.4). The construction of limits in § B.4 was this project's most challenging aspect and consumed the bulk of the time spent on it. This section's key results are corollary B.21, which allows computation of inverse limits of coalgebras and theorem B.23, which shows that these inverse limits share a basic property with those of chain-complexes.
I am indebted to Professor Bernard Keller for several useful discussions.
NOTATION AND CONVENTIONS
Throughout this paper, R will denote a field or Z.
that simply forgets that the elements of an object of Set 2 f are, themselves, finite sets. There is also a "flattening" functor g: Set 2 f → Set f that sends a set (of sets) to the union of the elements (regarded as sets).
(2) For a finite set X, Σ X = End Set f (X). , where X ∈ Set f , to be the natural transformations of C and D restricted to sets isomorphic to X (i.e., of the same cardinality). Both of these functors are chain-complexes. (5) Σ−mod to be the category of sequences {M(n)}, m ≥ 1 where M(n) ∈ Ch(R) and M(n) is equipped with a right S n -action.
Remark. If [n]
is the set of the first n positive integers, then Σ [n] = S n , the symmetric group. If M is a Set f -module then, for each finite set, X, there is a right Σ X -action on M(X).
We follow the convention that S 0 = S 1 = {1}, the trivial group. Note that Σ−mod is what is often called the category of collections. If a = {{x}, {y, z,t}, {h}} ∈ Set 2 f then f(a) ∼ = [3] , a set of three elements, and g(a) = {x, y, z,t, h}.
It is well-known that the categories Set f −mod and Σ−mod are isomorphic -see section 1.7 in part I of [18] . The restriction isomorphism Although Set f -modules are equivalent to modules with a symmetric group action, it is often easier to formulate operadic constructions in terms of Set f −mod. Equivariance relations are automatically satisfied. Definition 2.8. If X is a finite set of cardinality n the set of orderings of X is
Now we define a Set f analogue to the multiple tensor product. Given a set X of cardinality n, and an assignment of an object C x ∈ Ch(R) for each element x ∈ X, we can define, for each g ∈ Ord(X) a product
The symmetry of tensor products determines a morphism σ:
for each σ ∈ S n which essentially permutes factors and multiplies by ±1, following the Koszul Convention in definition 2.3. 4
Definition 2.9. The unordered tensor product is defined by
If C ∈ Ch(R) and X ∈ Set f then C X will denote the unordered tensor product X C of copies of C indexed by elements of X, and C ⊗ will denote the Set f -module whose value on X ∈ Set f is C X . We use X ·C to denote a direct sum of n copies of C, where n is the cardinality of a finite set X.
is regarded as being taken over f(X) -i.e., we "forget" that the elements of X are sets themselves.
Remark. The unordered tensor product is isomorphic (as an object of Ch(R) to the tensor product of the C x , as x runs over the elements of X. The coequalizer construction determines how the it behaves with respect to set-morphisms. to be the unordered tensor product, where
Remark. Given any ordering of the elements of the set X, there exists a canonical isomorphism
Proposition. If X, Y, Z ∈ Set f , and x x 1 , X 2 ∈ X and y ∈ Y , then
12. An operad in Ch(R) is a Set f -module, C equipped with operations
for all x ∈ Xand all X, Y ∈ Set f and satisfying the two axioms 5
(1) Associativity:
for all X, Y, Z ∈ Set f and all x, x 1 , x 2 ∈ X and y ∈ Y , where τ:
(2) Unit: There exist morphisms η x : ½ → C({x}) for all singleton sets {x} ∈ Set f that make the diagrams
commute, for all X ∈ Set f . The operad will be called nonunital if the axioms above only hold for nonempty sets.
Remark. See theorem 1.60 and 1.61 and section 1.7.1 of [18] for the proof that this defines operads correctly. For more traditional definitions, see [22] , [14] . This is basically the definition of a pseudo-operad in [18] where we have added the unit axiom. To translate this definition into the more traditional ones, set the n th component of the operad to C( [n] ). The use of Set f −mod causes the equivariance conditions in [14] to be automatically satisfied.
The operads we consider here correspond to symmetric operads in [22] . The term "unital operad" is used in different ways by different authors. We use it in the sense of Kriz and May in [14] , meaning the operad has a 0-component that acts like an arity-lowering augmentation under compositions. This is C( / 0) = ½.
A simple example of an operad is: Example 2.13. For each finite set, X, C(X) = ZΣ X , with composition defined by inclusion of sets. This operad is denoted S 0 . In other notation, its n th component is the symmetric group-ring ZS n .
For the purposes of this paper, the canonical example of an operad is Definition 2.14. Given any C ∈ Ch(R), the associated coendomorphism operad,
for X ∈ Set f , and C X = X C is the unordered tensor product defined in definition 2.9. The compositions {• x } are defined by
where C x is the copy of C corresponding to x ∈ X and e:C x ⊗ Hom R (C,C Y ) → C Y is the evaluation morphism. This is a non-unital operad, but if C ∈ Ch(R) has an augmentation map ε:C → ½ then we can set
where 1 X\{x} :C X\{x} → C X\{x} is the identity map and ε x :C x → ½ is the augmentation, applied to the copy of C indexed by x ∈ X. Given C ∈ Ch(R) with subcomplexes {D 1 , . . . , D k }, the relative coendomorphism operad CoEnd(C; {D i }) is defined to be the sub-operad of CoEnd(C) consisting of maps
We use the coendomorphism operad to define the main object of this paper: Definition 2.15. A coalgebra over an operad V is a chain-complex C ∈ Ch(R) with an operad morphism α: V → CoEnd(C), called its structure map. We will sometimes want to define coalgebras using the adjoint structure map
(in Ch(R)) or even the set of chain-maps
We can also define the analogue of an ideal: Definition 2.16. Let C be a coalgebra over the operad U with adjoint structure map
and let D ⊆ ⌈C⌉ be a sub-chain complex that is a direct summand. Then D will be called a coideal of C if the composite
vanishes, where p:C → C/D is the projection to the quotient (in Ch(R)).
Remark. Note that it is easier for a sub-chain-complex to be a coideal of a coalgebra than to be an ideal of an algebra. For instance, all sub-coalgebras of a coalgebra are also coideals. Consequently it is easy to form quotients of coalgebras and hard to form sub-coalgebras. This is dual to what occurs for algebras.
We will sometimes want to focus on a particular class of V -coalgebras: the pointed, irreducible coalgebras. We define this concept in a way that extends the conventional definition in [24] :
Definition 2.17. Given a coalgebra over a unital operad V with adjoint structure-map
Here c X ∈ C X is the n-fold R-tensor product, where n is the cardinality of X,
A coalgebra C over an operad V is called pointed if it has a unique group-like element (denoted 1), and pointed irreducible if the intersection of any two sub-coalgebras contains this unique group-like element.
Remark. Note that a group-like element generates a sub V -coalgebra of C and must lie in dimension 0.
Although this definition seems contrived, it arises in "nature": The chain-complex of a pointed, simply-connected reduced simplicial set is naturally a pointed irreducible coalgebra over the Barratt-Eccles operad, S = {C(K(S n , 1))} (see [21] ). In this case, the operad action encodes the chain-level effect of Steenrod operations. 
is of the form 1 ⊕f :
Proof. The definition (2.17) of the sub-coalgebra R · 1 ⊆ D i is stated in an invariant way, so that any coalgebra morphism must preserve it. Any morphism must also preserve augmentations because the augmentation is the 0 th -order structure-map. Consequently, f must map ker ε D 1 to ker ε D 2 . The conclusion follows.
Definition 2.19.
We denote the category of nearly free coalgebras over V by S 0 . If V is unital, every V -coalgebra, C, comes equipped with a canonical augmentation ε:C → R so the terminal object is R. If V is not unital, the terminal object in this category is 0, the null coalgebra.
The category of nearly free pointed irreducible coalgebras over V is denoted I 0 -this is only defined if V is unital. Its terminal object is the coalgebra whose underlying chain complex is R concentrated in dimension 0.
We also need: Definition 2.20. If A ∈ C = I 0 or S 0 , then ⌈A⌉ denotes the underlying chain-complex in Ch(R) of ker A → t where t denotes the terminal object in C -see definition 2.19. We will call ⌈ * ⌉ the forgetful functor from C to Ch(R).
We will use the concept of cofree coalgebra cogenerated by a chain complex: This universal property of cofree coalgebras implies that they are unique up to isomorphism if they exist. The paper [22] gives a constructive proof of their existence in great generality (under the unnecessary assumption that chain-complexes are R-free). In particular, this paper defines cofree coalgebras L V C and pointed irreducible cofree coalgebras P V C cogenerated by a chain-complex C.
We will denote the closed symmetric monoidal category of R-chain-complexes with Rtensor products by Ch(R). These chain-complexes are allowed to extend into arbitrarily many negative dimensions and have underlying graded R-modules that are
• arbitrary if R is a field (but they will be free)
• nearly free, in the sense of definition 2.1, if R = Z.
THE GENERAL CASE
We recall the concept of a model structure on a category G . This involves defining specialized classes of morphisms called cofibrations, fibrations, and weak equivalences (see [19] and [11] ). The category and these classes of morphisms must satisfy the conditions:
G is closed under all finite limits and colimits CM 2: Suppose the following diagram commutes in G :
If any two of f , g, h are weak equivalences, so is the third. CM 3: If f is a retract of g and g is a weak equivalence, fibration, or cofibration, then so is f . CM 4: Suppose that we are given a commutative solid arrow diagram
where i is a cofibration and p is a fibration. Then the dotted arrow exists making the diagram commute if either i or p is a weak equivalence.
CM 5: Any morphism f : X → Y in G may be factored:
where p is a fibration and i is a trivial cofibration (2) f = q • j, where q is a trivial fibration and j is a cofibration We also assume that these factorizations are functorial -see [9] . Remark. All chain complexes are fibrant and cofibrant in this model. This is the absolute model structure defined by Christensen and Hovey in [8] , and Cole in [6] . In this model structure, all unbounded chain-complexes are cofibrant and a quasiisomorphism may fail to be a weak equivalence.
Remark 3.3. We must allow non-R-free chain complexes (when R = Z) because the underlying chain complexes of the cofree coalgebras P V ( * ) and L V ( * ) are not known to be R-free. They certainly are if R is a field, but if R = Z their underlying abelian groups are subgroups of the Baer-Specker group, Z ℵ 0 , which is Z-torsion free but well-known not to be a free abelian group (see [23] , [3] or the survey [7] ).
Proposition 3.4. The forgetful functor (defined in definition 2.20) and cofree coalgebra functors define adjoint pairs
Remark. The adjointness of the functors follows from the universal property of cofree coalgebras -see [22] . Condition 3.5. Throughout the rest of this paper, we assume that V is an operad equipped with a morphism of operads
commute. Here, the operad structure on V ⊗ CoEnd(I; {R · p 0 , R · p 1 }) is just the tensor product of the operad structures of V and CoEnd(I;
We also assume that the arity-1 component of V is equal to R, generated by the unit.
The following assumption implies it:
Condition. V is equipped with a morphism of operads
13. This is because I has a (geometrically defined) canonical S-coalgebra structure that extends the trivial S-coalgebra structures on {p i } -see [21] . It also restricts to a S 0 -coalgebra structure.
Since S has a coproduct S → S ⊗ S that is an operad-morphism (see [21] ), V = S satisfies our condition. Cofibrant operads also satisfy this condition. This is similar to the conditions satisfied by admissible operads in [2] . Now we define our model structure on the categories I 0 and S 0 . Definition 3.6 explicitly described cofibrations and definition 3.7 defined fibrations in terms of them. We will verify the axioms for a model category (essentially CM 5) and characterize fibrations.
In a few simple cases, describing fibrations is easy:
Proposition 3.8. Let f : A → B be a fibration in Ch(R). Then the induced morphisms
are fibrations in I 0 and S 0 , respectively.
where U → V is a trivial cofibration -i.e., ⌈U⌉ → ⌈V ⌉ is a trivial cofibration of chaincomplexes. Then the dotted map exists by the the defining property of cofree coalgebras and by the existence of the lifting map in the diagram
of chain-complexes. 
, are left-homotopic in I 0 and S 0 , respectively via a chain homotopy
If we equip C ⊗ I with a coalgebra structure using condition 3.5 and if F in 1 is a coalgebra morphism then the diagram
commutes in the pointed irreducible case and the diagram Proof. We will prove this in the pointed irreducible case. The general case follows by a similar argument. The chain-homotopy between the f i induces
using the universal property of a cofree coalgebra and the fact that the coalgebra structure of (P V C) ⊗ I extends that of P V C on both ends by condition 3.5. Clearly
is the required left-homotopy.
If we define a coalgebra structure on C ⊗ I using condition 3.5, we get diagram
where α C⊗I is the classifying map for the coalgebra structure on C ⊗ I. We claim that this diagram commutes. The fact that F is a coalgebra morphism implies that the upper right square commutes. The large square on the left (bordered by C ⊗ I on all four corners) commutes by the property of co-augmentation maps and classifying maps. The two smaller squares on the left (i.e., the large square with the map H added to it) commute by the universal properties of cofree coalgebras (which imply that induced maps to cofree coalgebras are uniquely determined by their composites with co-augmentations). The diagram in the statement of the result is just the outer upper square of this diagram, so we have proved the claim.
This result implies a homotopy invariance property of the categorical product, A 0 ⊠ A 1 , defined explicitly in definition B.12 of appendix B. 
are chain-homotopic via a homotopy that is a morphism in C . In particular, if f : A → B is a weak equivalence, then so is
Remark. The ⊠-product is symmetric so the corresponding result clearly holds if f and g are maps of the second operand rather than the first. A simple argument based on respective universal properties shows that
Proof. We will prove this in the pointed irreducible case. The other case is analogous. The proof of proposition 3.10 constructs a homotopy
that is a morphism in I 0 , i.e., preserves coproducts. The universal property of categorical products implies the existence of a (unique) coalgebra morphism Remark. In other words, pullbacks of fibrations are fibrations.
Proof. Consider the diagram
where U → V is a trivial cofibration. The defining property of a categorical product implies that any map to A ⊠ C B ⊆ A ⊠ B is determined by its composites with the projections
The commutativity of the solid arrows in diagram 2 implies that the diagram
commutes and this implies that the solid arrows in the diagram
The fact that g: B → C is a fibration implies that the dotted arrow exists in diagram 3, which implies the existence of a map V → A ⊠ B whose composites with f and g agree. This defines a map V → A ⊠ C B that makes all of diagram 2 commute. The conclusion follows. This allows us to verify CM 5, statement 2:
Corollary 3.14. Let f : A → B be a morphism in C = I 0 or S 0 , and let 14 Proof. We focus on the pointed irreducible case. The general case follows by essentially the same argument. The existence of the (injective) morphism A → P V Cone(⌈A⌉) ⊠ B follows from the definition of ⊠. We claim that its image is a direct summand of P V Cone(⌈A⌉) ⊠ B as a graded R-module (which implies that i ⊠ f is a cofibration). We clearly get a projection
and the composite of this with the augmentation ⌈P V ⌈A⌉⌉ → ⌈A⌉ gives rise a a morphism of chain-complexes
Now note the existence of a splitting map
of graded R-modules (not coalgebras or even chain-complexes). Combined with the map in equation 4, we conclude that A → P V Cone(⌈A⌉) ⊠ B is a cofibration. Corollary 3.11 implies that the projection P V Cone(⌈A⌉) ⊠ B → B is a weak equivalence (since the morphism P V Cone(⌈A⌉) → • is a weak equivalence). 
for all n, where (1) ε:C → • is the unique morphism.
(2) H n is the cofiber of f n in the push-out
It is contractible and comes with a canonical Ch(R)-fibrationH
Then {G i } forms an inverse system in pro − S 0 and
Remark. Very roughly speaking, this produces something like a "Postnikov resolution" for C. Whereas a Postnikov resolution's stages "push the trash upstairs," this one's "push the trash horizontally" or "under the rug" -something feasible because one has an infinite supply of rugs.
Proof. We make extensive use of the material in appendix B.4 to show that the cofiber of
is contractible. We focus on the category S 0 -the argument in I 0 is very similar. In this case, the cofiber is simply the quotient. First, note that the maps
from which we conclude
Consider the diagram
where:
(1) The map
is induced by the projections
the fact that the image of f ∞ is effectively only in the factor lim ← − G n , and the defining property of fibered products.
(2) The equivalence
follows from theorem B.23. We claim that the map
is nullhomotopic (as a morphism of Ch(R)). This follows immediately from the fact that
by corollary B.22, so that
and
is contractible, by proposition 3.10 and the contractibility of Σ −1 Cone(lim ← − ⌈H i ⌉). We conclude that the identity map of (lim
is a weak equivalence. Remark. This is condition CM5, statement 1 in the definition of a model category at the beginning of this section. It, therefore, proves that the model structure described in 3.6 and 3.7 is well-defined. See proposition B.2 and corollary B.18 for the definition of inverse limit in the category C .
Proof. Simply apply lemma 3.16 to the cofibration
Definition 3.18. Let X ∈ C = I 0 or S 0 . An object, Y , of I 0 or S 0 that is an iterated fibered product of cofree coalgebras with X over cofree coalgebras will be called layered and X will be called the core of the layered object.
Remark. Since X is a factor of Y there exists a canonical map Y → X.
We can characterize fibrations now: 
THE BOUNDED CASE
In this section, we develop a model structure on a category of coalgebras whose underlying chain-complexes are bounded from below. Remark. A morphism is a cofibration if it is a degreewise split monomorphism of chaincomplexes. Note that all objects of I + 0 are cofibrant. If R is a field, all modules are vector spaces therefore free. Homology equivalences of bounded free chain-complexes induce chain-homotopy equivalence, so our notion of weak equivalence becomes the same as homology equivalence (or quasi-isomorphism). 
Corollary 4.4. If V = {V (X)} is an operad such that V (X) is RΣ X -projective and finitely generated in each dimension, the description of cofibrations, fibrations, and weak equivalences given in definitions 4.2 and 4.3 satisfy the axioms for a model structure on
Proof. We carry out all of the constructions of § 3 and appendix B while consistently replacing cofree coalgebras by their truncated versions (see [22] ). This involves substituting M V ( * ) for L V ( * ) and F V ( * ) for P V ( * ) .
EXAMPLES
We will give a few examples of the model structure developed here. In all cases, we will make the simplifying assumption that R is a field (this is not to say that interesting applications only occur when R is a field). We begin with coassociative coalgebras over the rationals:
Example 5.1. Let V be the operad with component n equal to QS n with the obvious S naction. Coalgebras over this V are coassociative coalgebras. In this case P V C = T (C), the graded tensor algebra with coproduct
The n-fold coproducts are just composites of this 2-fold coproduct and the "higher" coproducts vanish identically. We claim that this makes
This is due to the well-known identity T (⌈A⌉⊕⌈B⌉) = T (⌈A⌉)⊗T (⌈B⌉). The category I
+ 0 is a category of 1-connected coassociative coalgebras where weak equivalence is equivalent to homology equivalence.
If we assume coalgebras to be cocommutative we get: In this case, P V C is isomorphic to S(C) -the graded symmetric coalgebra over C, although it is defined by
invariant under the S n -action. It is, therefore, a sub-coalgebra of T (C) and its coproduct is induced by that of T (C) -see equation 5 .
Since S(⌈A⌉ ⊕ ⌈B⌉) ∼ = S(⌈A⌉) ⊗ S(⌈B⌉), we again get
A ⊠ B = A ⊗ B.
APPENDIX A. NEARLY FREE MODULES
In this section, we will explore the class of nearly free Z-modules -see definition 2.1. We show that this is closed under the operations of taking direct sums, tensor products, countable products and cofree coalgebras. It appears to be fairly large, then, and it would be interesting to have a direct algebraic characterization.
Remark A.1. A module must be torsion-free (hence flat) to be nearly free. The converse is not true, however: Q is flat but not nearly free.
The definition immediately implies that: Proposition A.2. Any submodule of a nearly free module is nearly free.
Nearly free modules are closed under operations that preserve free modules: Proof. If F ⊆ M ⊕ N is countable, so are its projections to M and N, which are free by hypothesis. It follows that F is a countable submodule of a free module. The case where F ⊆ M ⊗ N follows by a similar argument: The elements of F are finite linear combinations of monomials {m α ⊗ n α } -the set of which is countable. Let
be the submodules generated, respectively, by the {m α } and {n α }. These will be countable modules, hence Z-free. It follows that
is a free module. Similar reasoning proves the last statement, using the fact that any direct sum of free modules is free. [4] . It is also well-known not to be Z-free -see [23] or the survey [7] .
First suppose each of the F n are countably generated. Then
which is nearly-free. In the general case, any countable submodule, C, of ∏ F n projects to a countablygenerated submodule, A n , of F n under all of the projections ∏ F n → F n and, so is contained in ∏ A n which is nearly free, so C must be Z-free. 
is nearly free.
Proof. This follows from corollary A.5 and the fact that
Corollary A.7. Let {F n } be a sequence of ZS n -projective modules and and let A be nearly free. Then
Proof. This is a direct application of the results of this section and the fact that
whereF n is a ZS n -free module of which F n is a direct summand.
Theorem A.8. Let C be a nearly free Z-module and let V = {V (X)} be an operad with V (X) ZΣ X -projective and finitely generated for all X ∈ Set f . Then
are all nearly free.
Proof. This follows from theorem B.7 which states that all of these are submodules of
and the fact that near-freeness is inherited by submodules.
APPENDIX B. CATEGORY-THEORETIC CONSTRUCTIONS
In this section, we will study general properties of coalgebras over an operad. Some of the results will require coalgebras to be pointed irreducible. We begin by recalling the structure of cofree coalgebras over operads in the pointed irreducible case. B.1. Cofree-coalgebras. We will make extensive use of cofree coalgebras over an operad in this section -see definition 2.21.
If they exist, it is not hard to see that cofree coalgebras must be unique up to an isomorphism.
The paper [22] gave an explicit construction of L U C when C was an R-free chain complex. When R is a field, all chain-complexes are R-free, so the results of the present paper are already true in that case.
Consequently, we will restrict ourselves to the case where R = Z. Remark. The adjointness of the functors follows from the universal property of cofree coalgebras -see [22] .
The Adjoints and Limits Theorem in [16] implies that:
Remark. This implies that colimits in I 0 or S 0 are the same as colimits of underlying chain-complexes.
Proposition B.3. If C ∈ Ch(R), let G (C) denote the lattice of countable subcomplexes of C. Then
Proof. Clearly lim − → G (C) ⊆ C since all of the canonical maps to C are inclusions. Equality follows from every element x ∈ C being contained in a finitely generated subcomplex of C consisting of x and ∂(x).
Lemma B.4. Let n > 1 be an integer, let F be a finitely-generated projective (non-graded) RS n -module, and let {C α } a direct system of modules. Then the natural map
is an isomorphism. If F and the {C α } are graded, the corresponding statement is true if F is finitelygenerated and RS n -projective in each dimension.
Proof. We will only prove the non-graded case. The graded case follows from the fact that the maps of the {C α } preserve grade.
In the non-graded case, finite generation of F implies that the natural map
is an isomorphism, where α runs over any indexing set. The projectivity of F implies that Hom RS n (F, * ) is exact, so the short exact sequence defining the filtered colimit is preserved.
Proposition B.5. Let V = {V (X)} be an operad with V (X) RΣ X -projective and finitely generated in each dimension for all X ∈ Set f , and let C be a chain-complex with G (C) = {C α } a family of flat subcomplexes ordered by inclusion that is closed under countable sums. In addition, suppose
Proof. The Z-flatness of C implies that any y ∈ C X is in the image of C X α ֒→ C X for some C α ∈ G (C) and any X ∈ Set f . The finite generation and projectivity of the {V (X)} in every dimension implies that any map
lies in the image of
where
then each x n lies in the image of
where C α n ∈ G (C) and x lies in the image of
Theorem B.6. Let V = {V (X)} be an operad such that V (X) is ZΣ X -projective and finitely generated in each dimension for all X ∈ Set f .
If C is a V -coalgebra whose underlying chain-complex is nearly free, then
where {C α } ranges over all the countable sub-coalgebras of C.
Proof. We switch to the notation where the finite sets are all [n] for integers n > 0. To prove the first statement, we show that every
is contained in a countable sub-coalgebra of C.
be the adjoint structure-map of C, and let x ∈ C 1 , where C 1 is a countable sub-chaincomplex of ⌈C⌉.
Then a(C 1 ) is a countable subset of Hom(V ,C ⊗ ), each element of which is defined by its value on the countable set of RS n -projective generators of {V n } for all n > 0. It follows that the targets of these projective generators are a countable set of elements
for n > 0. If we enumerate all of the c i, j in x j = c 1, j ⊗ · · · ⊗ c n, j , we still get a countable set. Let
This will be a countable sub-chain-complex of ⌈C⌉ that contains x. By an easy induction, we can continue this process, getting a sequence {C n } of countable sub-chain-complexes of ⌈C⌉ with the property
that is closed under the coproduct of C. It is not hard to see that the induced coproduct on C ∞ will inherit the identities that make it a V -coalgebra.
Corollary B.7. Let V = {V (X)} be an operad such that V (X) is ZΣ X -projective and finitely generated in each dimension for all X ∈ Set f . If C is nearly-free, then the cofree coalgebras
where C α ranges over the countable sub-chain-complexes of C.
Proof. The near-freeness of C implies that the C α are all Z-free when R = Z, so the construction in [22] gives cofree coalgebras L V C α . Since (by theorem B.6) C = lim − → C α where C α ranges over countable sub-coalgebras of C, we get coalgebra morphisms We also know that, in the poset of sub-chain-complexes of ⌈C⌉ = ⌈D⌉, {⌈C α ⌉} and {⌈D β ⌉} are both cofinal. This implies the cofinality of {L V ⌈C α ⌉} and
This unique V -coalgebra has all the categorical properties of the cofree-coalgebra
which proves the first part of the result. The statement that
in [22] , and (2) the fact that the hypotheses imply that
-see proposition B.5. 
Similar reasoning applies to
P V C, M V C, F V C.
there exists a maximal sub-coalgebra M with the universal property that any sub-coalgebra A ⊆ C with ⌈A⌉ ⊆ M is a sub-coalgebra of M . This is given by
is the classifying morphism of C.
Proof. The first claim is clear -A+ B is clearly closed under the coproduct structure. This implies the second claim because we can always form the sum of any set of sub-coalgebras contained in M. The second claim follows from:
The fact that
implies that it is the inverse image of a coalgebra (the intersection of two coalgebras), so it is a subcoalgebra of C with ⌈ M ⌉ ⊆ M. Given any subcoalgebra A ⊆ C with ⌈A⌉ ⊆ M, the diagram
where ε: P V C → C is the cogeneration map. implies that
which implies that A ⊆ M , so M has the required universal property.
This allows us to construct equalizers in categories of coalgebras over operads: Remark. Roughly speaking, it is easy to construct coequalizers of coalgebra morphisms and hard to construct equalizers -since the kernel of a morphism is not necessarily a sub-coalgebra. This is dual to what holds for algebras over operads.
On the other hand, any sub-DG-algebra with this property is contained in M so the conclusion follows.
Proposition B.10. Let C ∈ I 0 and let
Proof. Clearly, any intersection of coalgebras is a coalgebra, so
On the other hand
A i is a coalgebra whose underlying chain complex is contained in A n , we must actually have
and the conclusion follows. Definition B.12. Let A i , i = 0, 1 be objects of C = S 0 or I 0 . Then
induced by the canonical maps ⌈A 0 ⌉⊕ ⌈A 1 ⌉ → ⌈A i ⌉. The im A i are images under the canonical morphisms
classifying coalgebra structures -see definition 2.21.
Remark. By identifying the A i with their canonical images in Z, we get canonical projections to the factors
In like fashion, we can define categorical fibered products of coalgebras: 
in Ch(R). Then P V Z is the fibered product of
Proof. We prove this in the pointed irreducible case. The other case follows by an analogous argument.
The universal properties of cofree coalgebras imply that
On the other hand, the composite
where the rightmost map is the augmentation, has composites with f and g that are equal to each other -so it lies in Z ⊆ U ⊕ V . This induces a unique coalgebra morphism Categorical reasoning implies that
See definition B.13 for the fibered product notation.
Theorem B.2 implies that colimits in I 0 or S 0 are the same as colimits of underlying chain-complexes. The corresponding statement for limits is not true except in a special case:
Proposition B.16. Let {C i } ∈ pro−I 0 or pro − S 0 and suppose that all of its morphisms are injective. Then
Remark. In this case, the limit is an intersection of coalgebras. This result says that to get the limit of {C i }, one (1) forms the limit of the underlying chain-complexes (i.e., the intersection) and 29
(2) equips that with the coalgebra structure in induced by its inclusion into any of the C i That this constructs the limit follows from the uniqueness of limits.
Definition B.17. Let A = {A i } ∈ pro−I 0 . Then define the normalization of A, denoted A = {Â i }, as follows:
(1) Let V = P V (lim ← − ⌈A i ⌉) with canonical maps
for all n > 0. (2) Let f n : A n → P V (⌈A n ⌉) be the coalgebra classifying map -see definition 2.21.
, andÂ n+1 ⊆Â n for all n > 0. DefineÂ = {Â n }, with the injective structure maps defined by inclusion.
If A = {A i } ∈ pro − S 0 then the corresponding construction holds, where we consistently replace P V ( * ) by L V ( * ).
Normalization reduces the general case to the case dealt with in proposition B.16.
where p i : 
be the classifying maps in I 0 or S 0 , respectively -see definition 2.21. We deal with the case of the category I 0 -the other case is entirely analogous. Let
be induced by the canonical maps lim ← − ⌈C i ⌉ → ⌈C n ⌉. We verify that
has the category-theoretic properties of an inverse limit. We must have morphisms
making the diagrams • q i : X → C i -using the fact that the classifying maps f i :C i → P V ⌈C i ⌉ are always injective (see [22] and the definition 2.21). The commutative diagrams
together imply the commutativity of the diagram with the diagrams 9. Consequently, X is a candidate for being the inverse limit, lim ← − C i . We must show that any other candidate Y possesses a unique morphism Y → X, making appropriate diagrams commute. Let Y be such a candidate. The morphism of inverse systems defined by classifying maps (see definition 2.21)
implies the existence of a unique morphism
The commutativity of the diagrams
Since Y is a coalgebra, its image must lie within the maximal sub-coalgebra contained within
. This proves the first claim. Proposition B.10 implies that X =
Proof. Let A = lim ← − C i and p i : A → C i be the natural projections. If
we will show that
Since all modules are nearly-free, hence, flat (see remark A.1), we have
from which the conclusion follows.
Proposition B.20. Let {C i } ∈ pro−I 0 , and suppose V = {V (X)} is an operad with V (X) RΣ X -projective and finitely generated in each dimension for all X ∈ Set f . Then the projections
In addition, the fact that the structure maps
of the {C i } are coalgebra morphisms implies the existence of an injective Ch(R)-morphism
Corresponding statements hold for pro − S 0 and the functors L V ( * ).
Proof. We must prove that
where D = lim ← − ⌈C i ⌉ (see [22] ), and the notation D ⊗ is explained in definition 2.
denote the canonical projections. The diagrams
commute for all n and X ∈ Set f , where q X is the counterpart of p X and b n : lim ← − ⌈C i ⌉ → ⌈C n ⌉ is the canonical map. It follows that
We claim that
The equality on the left follows from the left-exactness of Hom R and filtered limits (of chain-complexes). The equality on the right follows from the fact that (1) n>0 ker b n = 0 (2) the left exactness of ⊗ for R-flat modules (see remark A.1). (3) Lemma B.19. It follows that p X (K) = 0 for all X ∈ Set f and K = 0.
The mapα
is induced by classifying maps of the coalgebras {C i }, which induce a morphism of limits because the structure maps C n → C n−1 are coalgebra morphisms, making the diagrams
commute for all n > 0.
Corollary B.21. Let C = {g i :C i → C i−1 } ∈ pro−I 0 , and suppose V = {V (X)} is an operad with V (X) RΣ X -projective and finitely generated in each dimension for all X ∈ Set f . Then
with the coproduct induced from L V (lim ← − ⌈C i ⌉), and where
is the projection and
is the classifying map, for all i. In addition, the sequence
is exact in Ch(R), where the injection
is induced by the projections Remark. The first statement implies that the use of the * -functor in corollary B.18 is unnecessary -at least if V is projective in the sense defined above.
The remaining statements imply that lim ← − C i is the largest sub-chain-complex of lim ← − ⌈C i ⌉ upon which one can define a coproduct that is compatible with the maps
Proof. First, consider the projections
The commutativity of the diagram
ker q i = 0 Now, consider the exact sequence 0 → ker q i → q −1 i (α i (C i )) → ⌈C i ⌉ → 0 and pass to inverse limits. We get the standard 6-term exact sequence for inverse limits (of Z-modules):
which, with the fact that lim ← − ker q i = 0, implies that
The conclusion follows from the fact that
It remains to prove the claim in equation 10, which amounts to showing that
is closed under the coproduct of L V (lim ← − ⌈C i ⌉) -i.e., it is a coalgebra even without applying the * -functor. If X ∈ Set f , consider the diagram
(1) the δ i andδ-maps are coproducts and the α i are coalgebra morphisms. Remark. The naive way to construct lim ← − C i is to try to equip lim ← − ⌈C i ⌉ with a coproducta process that fails because we only get a map
which is not a true coalgebra structure. Corollary B.22 implies that this naive procedure almost works. Its failure is precisely captured by the degree to which
Proof. This follows immediately from the exact sequence 12.
Our main result 
shows that the map h is surjective. The conclusion follows.
